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Abstract 

We obtain the action for a curved superconformal abelian M5 brane with the background R-symmetry 
gauge field turned on. We then restrict ourselves to superconformal M5 brane on a sphere times flat 
Minkowski space. We choose R-symmetry SO{l,A) instead of SO{5), which enables us to partially twist 
on Minkowski space and replace it by some curved Lorentzian manifold. We obtain M5 brane actions 
on Mi^i X and Mi _2 x 5”^ where actions and all fields, including the background gauge held, are real. 
Dimensional reduction along time gives real 5d SYM actions with nonabelian generalizations. 



1 Introduction 


A superconformal M5 brane can be put in a generic conformal supergravity background [T]. 
The corresponding supergravity background fields in the dimensionally reduced 5d SYM theory 
has been analyzed in [2] following the approach of [3]. Using this result, 5d SYM theories on 

X [1] and on M x 5^ [5] have been obtained. However the corresponding Lagrangian of the 
abelian M5 brane has not been obtainecQ perhaps due to the belief that no such Lagrangian 
can be written down because of the selfdual tensor field in 6d. However, by also including the 
wrong chirality tensor field as a decoupled spectator field, we can write down a superconformal 
Lagrangian in 6d. But another reason that no 6d Lagrangian has been obtained in the literature 
might be the following. In the applications to the AGT correspondence [7] and the 3d-3d 
correspondence [3|^ we like to put M5 brane on x for p = 2 and p = 3 respectively, and 
then perform a partial topological twist with the 50(5) R symmetry that enables us to put the 
theory on M, x 5®“^ for a general p-manifold Mp. The theory being topological on Mp means 
that we can scale the size of Mp without affecting any observables in the theory. By taking the 
size to be small we obtain a dimensionally reduced SYM theory on 5®“^. By taking the size to 
be large we obtain a theory on Mp. These theories will be equivalent thanks to the topological 
property of the theory on Mp. 

However, one obstacle in carrying out such a computation explicitly is that no M5 brane 
Lagrangian can exist in Euclidean signature with real fermions. If we consider the theory in 
Lorentzian signature, we should, for p = 2 consider the manifold x 5^. However, as was 
mentioned in [9], we cannot twist this theory partially on if the R symmetry group is 50(5). 

In this paper we propose to solve this problem by instead taking the R symmetry group to 
be 50(1,4) This enables us to twist an 50(1,p— 1) subgroup with the Lorentz group 

50(1,p — 1) on We may then put the theory on a general Lorentzian p-manifold Mi^p_i 

times 5®“^. 

For p = 1,2,3 we can find solutions for the background gauge potential, and the full M5 
brane Lagrangian becomes real in Lorentzian signature. It is required that the bosonic part 
of the Lagrangian is real in order to have a unitarity of the theory m- What is problematic 
though, is that with 50(1,4) R symmetry we have an indefinite kinetic energy for the scalar 
fields. But this kind of problem might be cured by finding a suitable integration cycle where 
the path integral is convergent. For more details we refer to section 3. 

We will also perform dimensional reduction along time. This will perhaps justify our choice 
of R symmetry group as 50(1,4) a bit further. After that we dimensionally reduce flat M5 brane 
with 50(1,4) R symmetry along time, we find precisely the 5d SYM that has global symmetry 

related question was addressed in [H]. Here the abelian M5 brane Lagrangian was obtained on geometries 
of the form x M 4 where a partial topological twist of Donaldson-Witten type was performed on M 4 . 

^The many original papers that proposed the 3d-3d correspondence can be found in the reference list of [4]. 

^We use a signature convention such that SO{l, 4) refers to the group of transformations that leaves the metric 
diag(—1, -1-1, +1, -1-1, -fl) invariant. We then also refer to this space as R^’'* or as a space of signature (1, 4). 
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S0{5) X 50(1,4) that also can be obtained by dimensionally reducing lOd SYM with 50(1,9) 
global symmetry by reduction along time and 4 spatial directions. The latter approach has been 
used in for example mi to derive a SYM Lagrangian on a four-sphere from lOd SYM with real 
fermions. 

In this paper we will restrict ourselves to just turning on the supergravity background gauge 
held that is associated with the 50(1,4) R symmetry. Thus we will put all the other super¬ 
gravity helds to zero. Our restriction has the unfortunate limitation that we cannot consider 
squashed spheres as these require other background helds also being turned on. The AGT- 
like correspondences of course become much more interesting if one can include an additional 
squashing parameter in the correspondence. We plan to return to this problems in a future 
publication. 

2 Abelian 6d theory with 5'0(1,4) R symmetry group 

In the introduction we have motivated why we like to study 6d (2,0) theory with 50(1,4) 
R symmetry group. This can be thought of as embedding a Lorentzian M5 brane into 11 
dimensional space with signature (2,9). Let us now work out the supersymmetry transformations 
assuming 50(1,4) R-symmetry group. We start by considering M5 brane on hat We use 
lid gamma matrices that we split as T^ (M = 0,...,5) and T"^ {A = 0',.")4') and dehne the 
6d chirality matrix T = r0i2345_ spinor and the supersymmetry parameter have opposite 
6d chiralities. We choose the convention 


= '0 

Te = -e 


The lid Majorana conditions (or, equivalently, the 6d 50(1,4)-Majorana conditions) for these 
chiral spinors read 

v; = v^'^o 

e = e^O 


where ^|J = We hnd that the following supersymmetry variations 


close on-shell. 


= ef^V’ 

6Bmn = ^cTmatV' 

5^!^ = -^T^^^eHMNP + T^tAedM(t>^ 


[6r,, 6e]BMN 
[6rj,6e]'lp 


—2eT^r]dp4>^ 

-2eT^rjHpMN 
-2eT^r]dp'ilj + ^eT^r]TpT^ 
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-IfjT^t^eTMTAT^dNi^ 

To obtain the closure relation for the fermion we have used the Fierz identity that we have 
collected in Appendix For closure we must use the fermionic equation of motion 

v^dM^ = 0 


Let us notice that 

where q counts the number of timelike components in the R symmetry group SO{q, 5 — q). In 
particular then, while we have that eV^r] is purely imaginary for S'©(5) R symmetry, we find 
that eF^rj becomes real for 50(1,4) R symmetry. This explains why we do not get the usual 
factor of i in the closure relations, such as ~ 2ieT^rj dM4>^ as we get when the R symmetry is 
50(5). 

By using the lid Majorana condition, one can see that 5(j)"^ and SBmn are real, and that 
the variation again satisfies the lid Majorana condition. We notice that the factors of i sit 
at different places compared to the more commonly used supersymmetry transformations for 
the (2,0) theory that has 50(5) R symmetry group. 

As usual, from Fe = —e, we can find that the gauge held part of the above supersymmetry 
variations can be also written in the forrr0 

^^MNP = 

^^MNP ~ 0 

Oip — -p ... 

where we dehne 

^MNP = (^HmNP ± Huvw^ 

This means that H^j^p is not part of the tensor multiplet, but we include it in order to write 
down a neat supersymmetric Lagrangian, which is given by 

C = -—H^^^Hmnp + 

First we notice that the whole Lagrangian is real. In particular we have 

up to a boundary term produced by an integration by parts. Second, we notice that the gauge 
potential kinetic term and the scalar held kinetic term cannot both have the right sign simul¬ 
taneously. However, for the kinetic term of the scalar helds, we also need to remember that the 
"^The dots represent the scalar field part. 
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signature of the R symmetry group is S'0(l,4) which means that it is never possible for all the 
five scalar fields to have the right sign of the kinetic term. It is therefore the most natural to 
assign the gauge potential the right sign kinetic term, and then for a' = 1', 2', 3', 4' will have 
the wrong sign kinetic term. 

2.1 SO{4, 1) R symmetry group 

For completeness, we also work out the supersymmetry variations with 5'0(4,1) R symmetry 
group, which corresponds to (5,6) signature in 11 dimensions. We have the supersymmetry 
variations 

= lets'll) 

5Bmn = 

where the Dirac conjugation x is now dehned by ^tpOpi'2'3'4' S0{4:, 1) theory. By using 

the lid Majorana condition in this signature, one can see that and 5Bmn are real, and 

that the variation S'lp again satisfies the lid Majorana condition. Closure relations are 

[Srj,6e](j)'^ = —2ieT^ridp(j)^ 

[5r,,5f\BMN = -‘2‘ieT^'riHpMN 

3? 

[5^, ,5,1V’ = -2ier^r?5pV’+ jer^ryFpF^aMV’ 
-^-nV^f^eTMTAT^dNi’ 

That is, we have on-shell closure on the fermionic equation of motion 

v^dM^ = 0 

The supersymmetric Lagrangian is 

C = -—H^^^Hmnp - -^d^4>^dM4>A + 

This theory can be obtained from the above theory in signature (2, 9) by the following map, 

f ^ ^ 

QAB -gAB 
'll) ^ ill) 
e—fe 
C -A -iC 

together with V’ —^ V’ and e —)• —ie which follow from the definitions of the Dirac conjugation 
and the Gamma matrix transformation rule. Thus the 5'0(4,1) twisted and the time reduced 
theories are equivalent to those from the (2, 9) theory. 
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2.2 S0{5) R symmetry group 

The supersymmetry variations and the Lagrangian for the usual Lorentzian M5 brane with 
SO{5) R symmetry are in our conventions given by 

5Bmn = 

and 

C = -^d^cj)^dM(l)A + 

Although these variations and the Lagrangian are on the same form as for the case of SO{4:, 1) 
R symmetry above, there is no simple relation between the or S'0(4,1) theories and 

the usual SO{5) theory since there is no natural map from the Dirac conjugate ■0 = to the 
Dirac conjugates of the SO(l,4) or 5'0(4,1) theories. 


3 Unitarity 


As we have changed signatures, it is important to check unitarity of the theory. To illustrate 
unitarity, we follow the arguments in m- Let us consider some Lagrangian 

B = ^gijq^'q^ + ihij'ilj*^ip^ 

where gij and htj are invertible matrices with inverses and . This system can be quantized 
by imposing the commutation relations 


[q\pj\ = ih5j 


(3.1) 

(3.2) 


where pi are the conjugate momenta of g*. These have the unitary representations pi = —ihd/dq^ 
irrespectively of the signature of gij, in the sense that the translation operators U =expiUpi are 
unitary for any real distances L*, provided the bosonic part of the Lagrangian is real. However, 
if gij is indefinite the energy is unbounded from below. For the fermions the situation is the 


opposite; we see that has to be positive definite to have a unitarity representation of (3.2). 
On the other hand we do not encounter negative energy states by filling up the Dirac sea. 

Let us now consider our theory. The bosonic part of our Lagrangian is real although we have 
indefinite gij. Hence the bosonic part describes a unitary theory. The fermionic part does not 
however. Here we have 


~ ht^ 
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which is indefinite. Hence our 6d theory is non-unitary. This happens for both 50(1,4) and 
50(4,1) R symmetry. On the other hand, if the R symmetry is 50(5) the 6d theory is unitary 
since then we have 

where I denotes the 16 x 16 identity matrix. 

The microscopic structure of an lid theory is of course unclear, but it seems reasonable to 
think that such a theory would have two time-directions and global symmetry group 50(2,9), 
that is broken by an embedding of M5 brane down to 50(1, 5) x 50(1,4). But if we have two 
time-directions, then time-evolution will be rather different from what we are used to and a new 
concept should replace that of unitarity, which is based on time evolution with just one time 
direction. 

Since we are not aware of any formalism with two time directions, let us stick to one time 
direction. Here we can also find that a unitary theory may appear to be non-unitary if we have 
one time direction and one space direction, if we interpret the space direction as ’time’. To 
illustrate this, let us consider an action of a 2-component spinor with the third Pauli matrix, 

S = J cf {ido + ^l)^p 

If we let re® play the role of time, we quantize the theory by imposing 

and we have a unitary representation. But we can also quantize this theory by declaring that 
is the direction of time evolution, in which case we shall impose the commutation relation 

= cr® 

which has no unitary representation as the matrix a® is indefinite. One might now speculate 
that our non-unitary M5 brane theory might appear to be non-unitary for a similar reason that 
is related to the fact that one time direction of the lid theory is outside the worldvolume of the 
M5 brane. 

More concrete statements can be made related to unitarity if we reduce our M5 brane theory 
along the world-volume time direction. This dimensional reduction gives rise to 5d SYM theory 
with global symmetry 50(5) x 50(1,4) and can be exactly mapped to the 5d SYM theory that 
one would also obtain by reducing lOd SYM theory with 50(1,9) Lorentz symmetry, along time 
and four space directions. We present the map in full detail in Appendix B. As the lOd SYM 
theory is a unitary theory and the dimensional reduction is a physically consistent procedure, 
we conclude that there is no problem with our M5 brane theory with 50(1,4) R symmetry after 
this theory has been reduced along the time direction down to 5d SYM theory. 
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Let us finally comment on the issue of convergence of the path integral. If the R symmetry 
group is 4), then we have the wrong sign of the kinetic term in the Lagrangian for one of 

the scalar fields, say 4 P. We may Wick rotate this into icjp to get the right sign kinetic term. We 
can indeed Wick rotate the R symmetry including the fermionic part, into the SO{b) 

R symmetry and get the usual M5 brane theory. But we can also carry on with our S0{1,^) R 
symmetry, and perform some partial twist of say an SO{\,p — 1) subgroup of the R symmetry 
where p = 2,3,... In this case, the R symmetry will be reduced by the twist with the Lorentz 
group to 50(5 — p). Nevertheless, we can Wick rotate into and get the right sign kinetic 
term. If we do that after the twist, then we get a different theory that can not be related to the 
familiar M5 brane theory with 50(5) R symmetry. 

4 Superconformal symmetry 

The Lagrangian has not only the usual Poincare supersymmetry, but also a special conformal 
snpersymmetry. We can relax the condition that the snpersymmetry parameter is constant, to 
the condition that it satisfies the superconformal Killing spinor equation [lOj 

Ome = xL^r^OTve 
0 

Once we have done that, we can also admit more general curved six-manifolds where this equation 
has some solution. The Ricci curvature scalar may be defined by the equation 

r^^DMDNe = -^Re 

and Dm = 9m + is the covariant derivative where ujm is the spin connection. 

The Lagrangian is now given by 


£. — Cq + Cl 


where 


Cq — --j^HMjnp + -{Dm4>a)‘^ - Dmi!^ 

The superconformal symmetry variations can be expressed as 

<5 = 5o + 

where 

^oBmn = RCmn'iP 

= -^T^^^eHMNP + r^TAeDMCp^ 


and 


Si<p^ = 0 
SiBmn = 0 

When we vary the Lagrangian, we hnd it most convenient to bring the variation into the following 
form, 

5C = DMb^ + - DMD^4>^5(t)A + ^(t>^HA - 

4 5 

where the boundary term 

= -^H^^^8BNP + D^(t)^5(l)A + \'4>T^5ilj 

is non-vanishing if the M5 brane has a boundary. If there is no boundary, then the variation is 
vanishing if the supersymmetry parameter e is a superconformal Killing spinor. We then hnd 
the following superconformal variations, 

= A{[,fA{D^e)DM(t^^ 

5iCo = -Ai^tA{D^e)DN(t>^-%^etAi^ 

5 

5oCi = 

5iCi = 0 

where we have used the conformal Killing spinor equation and ignore the total derivative con¬ 
tribution DMb^■ Hence 5C = 6 qCq + SiCq -|- SqCi + 5iCi = 0 up to the total derivatives. If 
we then replace e by fe where / is a function on spacetime, then we pick up a variation that 
is proportional to SmI, which is again up to total derivatives. From this we can read off the 
supercurrent. We only need to consider the last term since this is the only term that can produce 
something ~ 9 m/- We hnd that 

5C = j^dMf 

where 

+ 4(D^e)f 

For this computation, we may use the variation 

<5iV^ = h^tAf{DMe)(P^ 

When the equations of motion are satished, we will have that the action is stationary under any 
variation. Hence 

0 = j <fx^5C = j j^DMf = - j DMj^f 

and since / is arbitrary, it follows that DmJ^ = 0. 
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4.1 Coupling to background R symmetry gauge potential 

We introduce a background gauge potential Am^b and corresponding covariant derivatives 

Dm(I>^ = ^ + Am^ b4>^ 

Dm''!’ = Vm '0 + 

Here Vm is the covariant derivative of the background geometry. 

We can now find a superconformal Lagrangian by imposing the following Weyl projection 

= VAeP^B 
Pab = Pba 

From this, it follows that 

1 pMiVpAB = -eP^A 

= -^{R + P)e 

Here we define 

P = P^A 

After we gauge the R symmetry, we find new terms in the variation of the Lagrangian 

<5o/:o = ■■■-\i^T^^t^eFMNAB(p^ = ----^r\PAB<P^ 

SiCo = ■■■-ptA{r^^DMDMe)(l>^ = --- + ^ijtAe<i>^ 

where • • • are terms of the same form as we had before. We cancel these terms by adding the 
following terms 

A£ = - ^-r]ABP - Pab^ 4>^<P^ 

to the Lagrangian. 

4.2 Dimensional reduction along time to 5d SYM 

We assume six-manifold of the form M x M 5 with time along M, and with a rather generic R 
symmetry gauge field. The natural split of the 6 d conformal Killing spinor equation for this 
analysis will be to write 6 = 1-1-5, which means that we will assume the following equations 

T^Doe = 

5 

D e — -F e 

5 

where we also put 

doe = 0 
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in order to preserve supersymmetry under the dimensional reduction. 

By dimensional reduction along time, we get the following Lagrangian 

Cl = -^{Do(j)Af - + ]^Mab4>'^4'^ 

C 2 = CloAB(t>c[(t>D-,4>E\ 

b 

where the mass matrix is given by 

Mab = t'Hab {R + P) — Pab 
5 

The action is invariant under 
5(f)A = 

5Am = ieTmCoi) 

= -'-r^^r^eFmn + r^TAeD^(P^-h^^T^[cj)A,M 

+r°f AeT»o</>^ + 4r°f 


To check supersymmetry, we only need to check this for the nonabelian type of terms that 
involve the curvature corrections. Collecting all such terms, we find the following contributions 


5Co = Doe[(l)A, 4 >b] - T)o</>b] - i^e[(j)^, T>o</>a] 

5Ci = -^'4>t^^Doe[(l)A,4’B]-'ipC^^e[<j)A,Do(l)B] 

Then we note 


and we get 


pABpCD 

Doe 


_2r^AB,CD 4^SC'pAD fABCD 

eAoAB 


5{Co + Ci) 


eAocD[(t^A,4^B\ = — 5 C 2 


5 Summary 

The M5 brane Lagrangian is given by 


C = £0 + -^1 


where 

£0 = 
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Cl = A%(l)^dM4>^ + \mab(I)^4>^ - 

L O 

where Vm is the covariant derivative of the background geometry and 

Mab = -^VABiP + R) - PaB + Am^aA^CB 

5 

We have the superconformal transformations 

Sep A = efAV’ 

5Bmn = RCmn'4) 

6^ = -^T^^PeHMNP + T^t\dM<pA + -Tf^tAT^^'eA^Bcep^ + Tf^r\A^AB(p^ 

12 p 

where Pab is a symmetric tensor that we deduce from the curvature of the R-symmetry con¬ 
nection through the Weyl projection 

^r^NfAeFMN^B = CAeP^B 

It would be interesting to see whether one can give Pab a geometric interpretation, perhaps as 
the Ricci tensor in normal directions to the M5 brane. 

By dimensional reduction along time, we can also find a nonabelian generalization 

Co = tT(^^F^^Frnn + lv^(p^Vn^cPA-\[(p^A''MAA^^ 

Cl = ti ^A^cp^dMfp'^ + ^Mab 4>'^(P^ - ^ipT^t^^ipAMAB 
_^_^ABCDE(Pe]^ 

6 Six-manifolds on the form x 

We will now restrict ourselves to six-manifolds on the form x where p can take any 

of the values p = 1,2, 3,4, 5,6. We will subsequently perform a partial topological twist along 
although for p = 1 this twist cannot be done since the Lorentz group on M is rather 
trivial. For our M5 brane theory on we have deliberately chosen the global symmetry group 
50(1, 5) X 50(1,4). If we break this symmetry down to 50(1,p — 1) x 50(6 — p) x 50(1,p — 
1) X 50(5 — p), we can perform a partial twist and identify the two 50(1,p — 1) subgroups and 
declare that the diagonal subgroup of these, times 50(6 — p), is the new twisted Lorentz group. 
Thus after the twist, we have the global symmetry 50(1,p — 1)' x 50(6 — p) x 50(5 — p)r. 
We then first need how the M5 brane spinor in the representation (4'; 4) of 50(1,5) x 50(1,4) 
transforms under the subgroups for the various values of p. Here we denote by a prime as 
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in 4' the anti-Weyl representation. The supersymmetry parameter is subject to the anti-Weyl 
projection Te = —e. After the split we find the following representations 

p = l (4; 4) 

p = 2 ( 2 _i© 2 ' ; 2 i© 2 _i) 

P = 3 (2,2;2^.)®(2,2;2_.) 

p = 4 (2_i ©2'^i,2©2') 

p = b (4; 4) 

where subscripts denote either 1) or 50(2) charges respectively. Our convention for 

these charges are so that for instance and After the 

identification of the SO{l,p — 1) groups, these representations become 


p = 1 

(4; 4) 

p = 2 

(2,2 )o©(2',2)o©(2,2)_i©(2',2)+i 

p = 3 

(l,2)+i ©(3,2)+i ©(l,2)_i ©(3,2). 
^2 '2 2 

P = 4: 

1 i©3+i©4 1 ©4,1 ©37i © 1, 1 
2-2 2 "^2 +2 2 

p = 5 

1©5©10 


Here 3^ refers to a selfdual two-form of 50(1,3). Let us turn to the Weyl projections for the 
singlet supercharges. First we have the 6 d Weyl projection 

p01p23p45^ _ _^ 

For p = 2 we have the singlet representations (2,2)o © (2',2)o i.e. neutral under 50(1,1). For 
these representations we have 

FOifou'e = e 

For p = 3 we have the singlet representations (1,2) ,i © (l,2)_i i.e. singlets under 50(1,2). 
For these representations we have 

F°ifo'i'e = e 
F^ 2 fi, 2 e = e 

These two projections project onto the singlet state in the tensor product representation of two 
spin-1/2 representations of 50(1,2). With the gamma matrix representation as below, these 
two projections amount to 

The first projection picks states with spins sq + = 0; that is either |-|—) or |—h). Then 
the second projection projects out the even linear combination |-|—) + |—h) leaving us with 
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the singlet state |H—) — |—h) of S'0(l,2). In other words, 77 ®°*° = where is the 

antisymmetric tensor with e"' = 1. This is why we chose the notation rj for the supersymmetry 

parameter, in order to not confuse it with the antisymmetric tensor. 

After having performed the partial topological twist, we may put the theory on x S^~'p 

where can be any Lorentzian p-dimensional manifold, while preserving a certain amount 

of supersymmetry. For p = 2 this will then have applications to the AGT correspondence 
relating SYM theory on to Toda theory on Mi^i. For p = 3 we should expect to find the 
3d-3d correspondence with a complex Chern-Simons theory living on Mi^ 2 - For p = 5 we have 
a trivial circle reduction from 6d down to 5d SYM and p = 6 is flat M5 brane on The case 
p = 1 has been considered in [6] and in many subsequent papers. 

Let us now begin the detailed computations. We split the 6d vector index M = (p, i) where 
p lives on (and more generally on after the twist) and i lives on We assume 

that the background gauge field has no components along 5®“^, 

Ai = 0 

and we require the 6d conformal Killing spinor equation holds along with the conditions that 
the supersymmetry parameter is constant on 


This implies that 

F'^T'^.e = 
Die = 
D^e = 

and, for p = 2, 3,4, 


(6 -p)(5 -p) 

where we have 

o 4 

rWiDje = -^Re ( 6 . 1 ) 

Let us comment that once we put d^e = 0 we descend to an ordinary Killing spinor equation on 

Mq-p 

Die = ^TiTf^t^^eApAB 


6 — p 

1 


-r*Ae 


6 — p 

Iv 


TiTWie 


-r„rD,e 


P 


p(p - 1) 
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For p = 1 we may instead use the relation 

D,D\ = 

to determine ^o,AB 

We have the curvature condition 


= -Pe 

Assuming that p = 2,3,4 we can solve this equation as 

mV' _ ‘^P 

Fab ^ Q 
flU ^ 

pFa _ n 

if we imposing the Weyl projection 




( 6 . 2 ) 


We find that if we make the assumptions we make, then the curvature R must be constant, and 
it leads us to consider manifolds on the form x S^~p. If r denotes the radius of S^~^, 

then we have 


R = 


(6-p)(5-p) 


P = - 


pip - 1 ) 


We further find that 



p — 1 

y.2 


S':,, 


We now proceed to solve the conformal Killing spinor equation on ^ with respect to the 
background gauge field. To this end, it is convenient to introduce the notations 

= X^e 


The equation we have to solve then reads 


y — -T r^y 

U — ^ a I, 

P 


For p 7 ^ 1, we can rewrite this in the form 


p — 1 


(6.3) 
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We solve this iteratively in p. If we know the solution for p, then we can construct the solution 
for p +1. For p + 1, we have the equations 


Y — -F ‘'y -I- -F PY 

^ a — ^ a V \ ^ u 

p p 


-] 

p 


Yp = -F/y^ 


(6.4) 

(6.5) 


Inserting (6.5) into (6.4), we find the equation (6.3). Let us now take p = 2 which is the lowest 


value of p for which the conformal Killing spinor on ^ is nontrivial. For p = 2 we get 


y — r ^y 


By induction we then find that the most general solution for general p can be expressed as 


y — F py 

^ fl — ^ fl p 


( 6 . 6 ) 


for /r = 0, • • • — 1. 

We also have to satisfy the condition that comes from the curvature by commuting two 


covariant derivatives as in equation (6.1) that amounts to the condition 


F^"[X^,W,]6 = -^Pe 


(6.7) 


We will now proceed to solve the equations (6.6) and (6.7) while imposing the Weyl projection 


in (6.2) for various values on p. 


6.1 M5 brane on x 

For p = 1 we find the solution 

-^0,ab — 

Ao,a'b' = 

where a = 1', 2' and a' = 3', 4'. These solutions are valid only if we impose the projection 


^ + A ) ea'b' 


pl'2'3'4'^ ^ 


unless A = when this projection is not necessary. The Lagrangian is 

^ ~ (-ab4>°'^a'b'(l>'^ 


+ 


( 15 

A2\ 

/ ^ ^i\ A f ^ „>\ 


-Y 

^ - (^a'r ) 


2 

p2 


4,0' 


where = ^ ( 1 ± F^ ^ ^ ^ 


4r^ ^ 2 ^ ^ 
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6.2 M5 brane on x S'^ 


For p = 2 we find the solution 


where eoi' = 1 and antisymmetric, in the sense that eio' = 

pOl-p _ 

i io'i'e — e 


—1. The Weyl projection is 


The M5 brane Lagrangian is 

C = Co + (f)^' 

+ 4>Z') 

6.3 M5 brane on x 

For p = 3 we find the solution 

where eoi' 2 ' = 1 and totally antisymmetric. We have the Weyl projections 

r°^fo'i'e = e 
r^2fi/2'e = e 


The M5 brane Lagrangian is 

C = To + 

6.4 M5 brane on x 


For p = 4 we find the solution 


and Weyl projections 




roifou'e = e 
r^^tr2'e = e 
r^^t2>ye = e 


The M5 brane Lagrangian is 

T = To + — 
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Here we could not find a real solution for the background gauge potential. The 5d SYM 
action can be real for R symmetry group SO{2,3) if the signature is (2,3) (section 9.2 in [E]). 
We hnd that the bosonic part of the action is real once we Wick rotate which suggests 
R symmetry is Wick rotated from 50(1,4) into 50(2,3). If we do that Wick rotation of R 
symmetry then f shall also be Wick rotated and the full action becomes real on x 5^ if the 
signature is ( 2 ,3) with the 5^ part timelike. 


7 Partially twisted theory on x 


For our gamma matrix conventions for this twist, we refer to Appendix C.l On have 

the flat metric 


ds^ = —e°e° + = —2e''“e — 2e 

where = dx^ and = dx^ and we define 

ed = ^ (e° ± e^) 

and ± denote flat lightcone indices. We define 

^ (/ ± </>^) 

and 

7^ = ^ (7° ± 7^) 

whose nonvanishing components are ( 7 ^)'’“_ = 1 and ( 7 “)“+ = — 1 respectively. We then have 

+- 1 
7 = -27 

We have the following anti-hermitian 50(1,1) charge generator 

<3 = 

Q = 

in the spinor and vector representations. It acts on the vector infinitesimally as 

which yields 


6(j)± = ±eoi(/>± =: 

which shows that (j)± carry 50(1,1) charge Q = ±z. 
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We define twisted spinor components as 




4 *’"' 


Here, on the left hand side, stands the twisted spinor fields, and ±,0 without round brackets 
refers to the twisted ^(^(l, 1) charge. The (±) refers to the Weyl projection on the Dirac 

spinor index a. On the right hand side stands the untwisted spinor fields, and the ± there refers 
to 1) and S'0(1, 1 )_r charges respectively. Hence the total charge of is zero, while 

carry S'0(1,1) charges ±i respectively, just like 4>± do. In the sequel we will use the 
following shorthand notations. 


at 

X± := x± 


We define 


D± = e>^D^ 

We have 

= -^{D+,D_} 

Using the zweibein to convert g into flat space indices ±, we find the following twisted Lagrangian 
Ctensor = 

Cscaiars = D- ]^g''^ditjt+djtt)- + ditff'djclf 

^fermions = X-D+'lp~ + X+D_V^+ + X-7*AX+ + '4>~ D 

where we define the new Dirac conjugation by with the reality condition = 

Ca'a^t't- The action is invariant under the supersymmetry variations 

5B±i = ±2zA7jX± 

5Bij = ie~'yij'ilj~ - 

H+ = -2Ax+ 

(5(/>_ = -21-X- 
54 )^ = e+o-“V’++ 
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8 Partially twisted theory on M 11 x 


We introduce the Grassmannian two-space vector field by 

Xfi = e+W + e“x- 

and a scalar 


Ip = ' 0 ^ -|- Ip 

where all the Grassmannian fields are realized in the 8d (a,t) space. The supersymmetry pa¬ 
rameter is a Grassmannian scalar given by 

e = e+ -h e“ 

For notational convenience let us introduce 6D Weyl projection on Xn as 

w ^ / u\ 

Xf, = ^ [Xfi - li4)et,uX ) 


Then x^i is subject to the Weyl projection condition 

w 

Xfi = x^^ 


which leads to the relation 


X^^ — 

Using this notation, we find the following twisted Lagrangian 

r, — _ 1 n . _ 1 nm u .. _L u. 

^tensor — ^^^^3 24^"^ 

Cscalars = \<P^.uCp^^ + \{y diP 

^fermions — 2(9^0X^ X^X ^iXfJ. T ~^'PX ^i'4^ 

The action is invariant under the supersymmetry variations 

= -ie^u ep = ie^y pe 
6Bf,i = 2f €7*7(4) X/i 

6Bij = -ie7ij7(4)0 

SpfM = -2ex/* 

,50“ = ecj“0 

-eVi^pf" - + 7V“e0i0“ - ^7*e e^'^iF;**** ^7*-^^7(4)e 

^ / u\ — W 

2 (?/. - 7(4)6/.^? ) = 

q,M = -cT“e5/*0“ - 7*e9*0/* - ^7*-^7(4)ei?/**j 


(50 = 
SXfi = 

where 
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9 Partially twisted theory on M 11 x 

Using the notation of the previous section, we find the following twisted Lagrangian 
r. — _ 

^tensor — g-'-' g^-' 24^"^ 

Cscalars = 

^fermions — X^T “1“ 

1 - o 

- 2r^V’7(4)<^ i’ 

Here, in Cscalars, we assume indices range as a = (o', 4) for a' = 2, 3. 

The action is invariant under the supersymmetry variations 

= -ie^u ei> = ie^y iie 
5B^i = 2ie7*7(4)X/, 

5Bij = -iejijj(^4^)4) 

and 

= -2exix 
Scj)^ = ear'll; 

where and (j)'^ are respectively matched with cj^, and with a little abuse of notation. 

The fermionic variation beomes 

S'lj; = - 7(4)6 + 7V“e9i(/)“ 

2 i o 9 

+ — (7(4)0-ie(/> - 7(4)cr2e(/) ) 

A ^ f ^ W 

5x^Ji = 2 i 1 = 9 m 

where 

9m = - l^edicj)^ - ^7*^7(4)ei7^7- - ^7(4)fT^e (/)^ 

The Killing spinor equation reads 

1 o 

Ae = YriaiA)<y e 

whose justification follows from the relation 

-(^rAe)|x±=o = -4^Me|^±=o = ^YAe 

where 

M = —r°f 

2 r 
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10 Partially twisted theory on Ml, X 


For our gamma matrix conventions for this twist, we refer to Appendix |C.2 We introduce a 
Grassmannian vector field "0^ and scalar field V’ where all the Grassmannian fields are realized 
in the 4d (si, fi) space and = 0,1, 2. The supersymmetry parameter is a Grassmannian scalar 
on Ml ^2 which we denote by r/ which is related to the original supersymmetry parameter by 




In the twisted theory, the reality condition on any Grassmanian fields x becomes 




which basically defines the induced charge conjugation matrix for our twisted theory. In addition, 
we introduce (for more details we refer to Appendix |G.2[) 


7* = 7* ® 1 


k“) = (1 (g) fj^, 1 (g) k“) 

With these preliminaries, we find the following twisted Lagrangian 
r. — .--umfj.. _ 

^tensor — 24^^ 24^"^ 

Cscalars = + ^g'^ 

r 

where a = 3,4 and 

^fermions = -2'ijjf^a^V “ fV'7V^AV’ + i'ijj^fcr^Di'tp^ 

2r 2r 

This Lagrangian is invariant under the supersymmetry transformation 

-2e^u\g(y^'>P^ 

2ifi 

-2?77ij(T^V' 

6(j)^ = -2ffjV’ii 
64>°‘ = 2ifi 


= 

= 

SB,j = 
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and 


= -^-i^^rjH^ij-^-iirje^yxH''^'-+ iK'''qV^<t)''+-i''a^'qVi(t)^-ia‘^r]e^‘'^du(t)\ 

To verify the supersymmetry of the action, we note that the 6d conformal Killing spinor equation 
reduces to the usual Killing spinor equation on , 

Dirj = 

The main application of this twist is to the 3d-3d correspondence. This will be analyzed 
elsewhere. 
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A Classification of R symmetry groups for 6d (2,0) theories 

We assume Lorentz group 50(1,5) and R symmetry group S0{q, 5 — q) and attempt to impose 
the lid Majorana condition 

v; = 

where we shall define 


Let us assume that we can impose this Majorana condition. We can then pick the Majorana 
representation for the gamma matrices where the charge conjugation matrix is given by 

O = r° 


Since we also have that 


(pA)T 

paf 

4 


I _ 


-CT^C-^ 

pOpAfpO 

—r“ for a = 1, • • •, g 
r“ for a' = g + 1, • • •, 5 


we see that 




= r 


M 


j^a* _ _ 

The Majorana condition becomes 

= (-i)V^ 

Applying transpose on both sides, we get 

on-io-V* = i> 

Using O = we get 

Applying T^'"'^ on both sides, we get 
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B A map from 6d to lOd Weyl projections 

To find the non-Abelian generalization, we first put r = oo. We wish to relate the theory with 
the dimensional reduction of SYM on dimensionally reduced down to R^. For this SYM 
we have the Weyl projections 

-iF^C = C 

—iT^U! = uj 

for the spinor field and the supersymmetry parameter respectively. These will be related by a 
unitary transformation to our original variables as 

^ = uc 

e = U^uj 


where 


which has the properties 


U 


^{i + ,r»r) 


UU^ = 1 

= iF°r 
[/po = 

C/F™ = 

jjyA ^ 
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We define 


e = e^r°r°' 

w = a;tf°' 

and so we also have the relations 

e = uTqU 

i’ = 

In terms of these new spinor variables, we get 

S4>a = 

^^771 ~ i^^mC 

sc = + 

If we now also flip the sign of the matter fields (I)a, we find the standard supersymmetry variations 
of (l+9)d SYM reduced to 5d, for which we have the non-Abelian generalization that is obtained 
by substituting ordinary derivative with gauge covariant derivative Dm = dm — iAm-,*] in the 
adjoint representation, and by adding one commutator term 

5'c = 

We can then transform this term back into our original, M5 brane adapted, variables and get 

SA = -\t^^TA[c^AAB] 

Likewise the non-Abelian Lagrangian is in the new variables given by the standard SYM 
Lagrangian 

-]^A'^DmC-\A^[<pAX] 

that in the M5 brane adapted variables translates into 

Co = \F^’^Fmn + \D^(k'^Dm4>A-\[(k'^A%4>AAB] 

C Gamma matrix conventions for partial topological twists 

When we perform the partial topological twisting we find it convenient to choose gamma matrices 
according to the dimension of the manifold over which we obtain the scalar supercharges after 
the twist. 
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C.l Gamma matrices for the 2d-4d split 

We choose the SO{l, 1) gamma matrices 7 ^ as 


7 

7 


0 

1 


la 


and we define the 1 ) chirality matrix as 


We have 

( 7 ^)^ = -€ 7 ^ 6 “^ 

7^2) = -e7(2)e“ 

where e = ia‘^. 

We then choose the lid gamma matrices as 


r* = 7(2) (8) 7* (8) 1 (8) 1 
f= 7(2) (8) 7(4) (8) 7^' (8) 1 
f “ = 7(2) (8) 7(4) ® 7(2) ® 

We let indices range as = ;u' = 0,1, f = 1,2,3,4 and a = 1,2,3. We then find that the 6 d 
chirality matrix becomes 


r = 7(2) (8) 7(4) (8) 1 (8) 1 


where we define the SO(4) hermitian chirality matrix as 


7(4) = 7 


1234 


The 6 d Weyl condition amounts to 


(7(2) <8 7(4) (8) 1 ® 1 ) V’ = i’ 

The lid charge conjugation matrix is 


Cud = €(8)0(8) cr^(8)e 

which is such that 


pvT _ 

'^lld — 

-Cud 



(F)^ = 

/o -nA/o—1 
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We then have = —C and = —e. An explicit realization of S'0(4) gamma matrices is 


y , 2,3 ^ ^ 1 , 2,3 ^^2 

7^ = 1 (g) cr^ 


and 


C = e (g) 1 


Then 


(y)^ = 

Also, if we define 

7(4) = = 1 (g) 

then 

7^4) = C77(4)C-i 

We will use spinor indices as follows, 


We have that 


where we define 7 ^^ := Ca'y{Y)'^/ 3 - 
We define 


we have for instance 

= 


Ca0 

a 

1 

II 

7y 

“y 

I 

II 


II 

ijk 

7^/3 

ijk 

= 7/4 


(7(2))^ = 


1 0 
0 -1 


and 


( 7 ( 2 ))^;: — 


0 -1 

-1 0 
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We denote the twisted 50(1,1) neutral spinor components as 


In addition to these, we have the twisted 50(1,1) charged spinor components 

which carry the 50(1,1) charge according to their 50(4) chirality. 

In total we have 8 neutral (denoted as V’) and 8 charged (denoted as x) spinor components. 
The supersymmetry parameters are neutral under 50(1,1). We denote these as 

which has 4x2 = 8 real components. In other words, we have 8 real supercharges. 

C.2 Gamma matrices for the 3d-3d split 

We choose lid gamma matrices as (/x = 0,1, 2, i = 3,4, 5, A = O', 1', 2', 3', 4') 

pM = 7^ (g) 1 (g) cj^ (g) 1 

r* = 1 (g) 7* (g) cj^ (g) 1 
f = 1 (g) 1 (g) cr^ (g) 7"^ 

where 7 ^ = (iu^, a^,a^) and 7 ' = {a^, and where we choose as follows 

7'^ = icj^ (g) 

7^ = cr^ (g) 

7^ = cr^ (g) 

7^ = 1 (g) 

7^ = 1 (g) 

and we may use the notation 

7^ = 7^ (g) CJ^ 

7“ = 1 (g) 

for ^' = 0,1, 2 and a = 3,4. We have 

( 7 ^)^ = 07 ^ 0-1 
O^ = -O 

where 

C = e(g)(T^ 
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The lid charge conjugation matrix is 


Ciid = 


which is antisymmetric 




lid 


-Ciid 


We expand the spinor as 

^sosiS2toti _ ^s\t\ _|_ ^^nysoto^siti 

Here transform in the representation (1,2)± and in the representation (3, 2)± of 

50(1,2) X 50(3) X 50(2)ij. Note that S 2 is determined by the 6d Weyl projection. We have 

= (ct3)*%' 

Then 


r = = (o-^)''"^ 

We conclude that S 2 gives the 6d chirality of the spinor so that this number is fixed by the 
spinor. For ip we have S 2 = + and for the supersymmetry parameter r] we have S 2 = —. 


D Untwisted Fierz identity 

We use lid gamma matrices that we split them into two groups, and T"^ where M = 
0,1,2,3,4, 5 is for spacetime and A = O', 1', 2', 3', 4' is for 50(1,4) R symmetry. We thus 
assume that {T^, T"^} = 0 as part of the lid Clifford algebra. We define the 6d chirality matrix 

r = r012345 


For two negative chirality spinors Fe = —e and Fr/ = —r/, we have the following Fierz identity, 


1 


erj — rje = 


1 


-(77F''''e)FM + (^F“F^e)FMFAj + 


-(uF 

192^ ' 


--nMTVPpAB 


AB 


We have the following gamma matrix identities. 


F^^^FqF^p = -20<5^-4F^q 
r^^^FQRsTMN = 4F Vs + Fp5] 

FAf^f^ = -3f^ 
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